Abstract. In this paper we introduce and study the local quiver as a tool to investigate the etale local structure of moduli spaces of -semistable representations of quivers. As an application we determine the dimension vectors associated to irreducible representations of the torus knot groups Gp;q = h a; b j a p = b q i.
1. Introduction. Polynomial invariants of quiver representations are generated by taking traces along oriented cycles in the quiver, see 13] . Hence, if we have a quiver Q without oriented cycles on k vertices, the quotient variety of -dimensional representations rep Q under the basechange group GL( ) consists of one point corresponding to the unique -dimensional semi-simple representation which is the direct sum of the vertex spaces. Still, there may be lots of semi-invariants on rep Q with respect to a character = Q det(g i ) ti of GL( ), determined by an integral vector = (t 1 ; : : :; t k ) 2 Z k . If we collect all semi-invariants with weight n for all n 2 N we obtain a positively graded connected algebra with associated projective variety M ss (Q; ) the moduli space of -semistable -dimensional representations of Q, see 11] . The points of M ss (Q; ) correspond to isomorphism classes of direct sums of -stable representations of Q. Recall that an -dimensional representation V is -stable (resp. -semistable) if for all subrepresentation W -V we have (W) = P i t i b i > 0 (resp. 0) where = (b 1 ; : : :; b k ) is the dimension vector of W. Not much is known on the geometry of these moduli spaces in particular of their singularities.
As an illustrative example, consider the extended n-arrow Kronecker quiver K n . . .
! ! = =
Take the dimension vector = (1; r) with r n and the character on GL( ) = C GL r determined by = (?r; 1). An -dimensional representation V 2 rep K n is fully determined by the r n matrix whose i-th column is the linear map corresponding to the i-th arrow. Clearly, a -stable representation V 2 rep K n must have an r n matrix of maximal rank for if the rank were s < r, then V has a subrepresentation of dimension vector = (1; s) and (W) = ?r:1 + 1:s < 0. The basechange action is given by left multiplication by GL r and scalar multiplication by ?1 for 2 C . Therefore, in this case we have that the moduli space of -stable quiver representations M ss (K n ; ) ' Grass(r; n)
the Grassmannian of r-dimensional subspaces in C n . Smoothness of this moduli space follows from the fact that is minimal among the dimension vectors having -stable representations. Things become more complicated for multiples k because
Research Director of the FWO (Belgium). 1 in this case the moduli spaced M ss k (K n ; ) contains points corresponding to direct sums of -stable representation such as V = W k for W 2 rep K n -stable.
We will show in this paper that the etale local structure of M ss k (K n ; ) near the point determined by V is that of the quotient variety of r(n ? r)-tuples of k k matrices under simultaneous conjugation near the point determined by the tuple of zero matrices. It is well known that this quotient variety is smooth only if k = 1 or r(n ? r) = 2 = k. Therefore, the only moduli spaces M ss k (K n ; ) which are smooth are the Grassmannians described before and M ss (2;2) (K 3 ; ) for = (?1; 1) and M ss (2;4) (K 3 ; ) for = (?2; 2)
Both these varieties are isomorphic to M P 2(0; 2) ' P 5 , the moduli space of The proof uses two ingredients : rst we use the theory of universal localizations to reduce the Zariski local structure of M ss (Q; ) near to that of -dimensional semi-simple representations of a universal localization C Q of the path algebra. Next, we apply the Luna slice machinery to this quotient variety to obtain the result.
The theorem can also be used to obtain an inductive method to determine all dimension vectors of -stable representations. The utility of this result follows from the easy description of the dimension vectors of simple quiver representations given in 13] by a set of inequalities, rather than an inductive procedure. Finally, we apply this result to determine the dimension vectors associated to irreducible representations of the torus knot groups, among which is the braid group on three strings.
Moduli spaces of quiver representations.
In this section we recall brie y the basic setting. Recall that a quiver Q is a nite directed graph on a set of vertices Q v = fv 1 ; : : :; v k g, having a nite set Q a = fa 1 ; : : :; a l g of arrows, where we allow loops as well as multiple arrows between
vertices. An arrow a with starting vertex s(a) = v i and terminating vertex t(a) = v j will be depicted as The path algebra C Q of a quiver Q has as basis the set of all oriented paths p = a iu : : :a i1 of length u 1 in the quiver, that is s(a ij+1 ) = t(a ij ) together with the vertex-idempotents e i of length zero. de nes a character on GL( ) by sending a k-tuple (g 1 ; : : :; g k ) 2 GL( ) to det(g 1 ) t1 : : :det(g k ) tk 2 C . With SI(Q; ) we denote the space of all semi-invariant functions f on rep Q of weight , that is f 2 C rep Q] such that f(g:V ) = (g)f(V ) for all g 2 GL( ) and V 2 rep Q. In 11, Prop.3.1] it is shown that V 2 rep Q is -semistable if and only if there is a semi-invariant f 2 SI(Q; n ) for some n 0 such that f(V ) 6 = 0. For this reason we consider the positively graded algebra R = 1 n=0 SI(Q; n ) with part of degree zero SI(Q; 0) = C rep Q] GL( ) the ring of polynomial quiverinvariants which is, by a result of 13] generated by traces along oriented cycles in the quiver Q. In particular,if Q is a quiver without oriented cycles, then R (0) = C and we obtain a projective variety proj R = M ss (Q; ) called the moduli space of -semistable representations of the quiver Q of dimension vector . In this paper we will introduce a local quiver Q (depending only on the semistable representation type) as a tool to investigate the etale (that is, analytic) local structure of the moduli space M ss (Q; ) in a neighborhood of .
3. Universal localizations. In this section we will show that one can cover the projective moduli space M ss (Q; ) by a ne open sets, each of which isomorphic to the quotient variety of rep C Q where C Q is a certain universal localization of the path algebra C Q. First, we need to recall a result on the generation of semi-invariants of quiver representations, see for example 17], 6] and 8]. Throughout, we will assume that Q is a quiver without oriented cycles.
Fix a character = (t 1 ; : : :; t k ) and divide the set of vertex-indices into a left set L = fi 1 ; : : :; i u g consisting of those 1 i k such that t i 0 and a right set R = fj 1 ; : : :; j v g consisting of those 1 j k such that t j 0 (observe that L \ R may be non-empty).
For every vertex v i we de ne the indecomposable projective module P i = C Qe i spanned by all paths in the quiver Q starting at v i . As a consequence we have that Hom Q (P i ; P j ) is spanned by all paths j; i] in the quiver Q from vertex v j to vertex i. Because Q has no oriented cycles, these spaces are nite dimensional.
For a xed integer n we consider the set (n) of all C Q-module morphisms By the remark above, can be described by an (p = n P t il ) (q = n P t jm ) matrix M all entries of which are linear combinations p lm of paths in the quiver Q from vertex v dm to vertex v cl . For V 2 rep Q we can substitute the arrow matrices V (a) in the de nition of p lm and obtain a square matrix of size a cl a dm . If we do this for every entry of we obtain a square matrix as (V ) = 0 which we denote by (V ). But then, the function
is a semi-invariant of weight n . The semi-invariants SI(Q; n ) are spanned by such determinantal semi-invariants. The universal localization C Q of the path algebra C Q with respect to the morphism is the algebra extension C Q j -C Q such that the extended morphism C Q CQ becomes invertible and j has the universal property with respect to this condition.
It is easy to see that C Q is an a ne C -algebra. For, add an additional q p arrows n lm to the quiver Q where n lm is an arrow from vertex v cl to vertex v dm and consider the q p matrix N = 2 6 4 n 11 : : : n 1p . . . . . . n q1 : : : n qp 3 7 5 Then, the universal localization C Q is the quotient of the path algebra of this extended quiver modulo the ideal of relations given by the entries of the following Returning to the study of -semistable quiver representations and their moduli spaces, we de ne
Because d is a semi-invariant of weight n it follows that X ( ) consists ofsemistable representations. to deduce that ? = Q , which nishes the proof of the theorem.
An important application of this local description is to determine the smooth locus of the moduli spaces M ss (Q; ). As we know from 13] that the ring of invariants is generated by taking traces along oriented cycles in the quiver Q this criterium is rather e ective. The classication of all coregular quiver settings (Q; ) (that is such that the ring of polynomial invariants is a polynomial algebra) seems to be a di cult problem though recently signi cant progress has been made by R. Bocklandt 4] .
5. -stable representations. In this section we will give an algorithm to determine the set of dimension vectors of -stable representations of a quiver Q. In the following sections we will give an application of this general result.
An elegant, though ine cient, algorithm to determine the dimension vectors of - (semi)stable The above theorem asserts that the set of -stable dimension vectors can be described by a set of inequalities. For more results along similar lines we refer the reader to the recent preprint 7] of H. Derksen and J. Weyman.
In the following section we will apply these results to the classi cation of dimension vectors corresponding to simple representations of the free product groups Z p Z q .
6. Torus knot groups. In this section we translate the problem of describing all irreducible representations of a torus knot group to a quiver setting. Our method is based on earlier work of B. Westbury 19] . In the next section we will apply the foregoing results to determine the relevant dimension vectors.
Consider a solid cylinder C with q line segments on its curved face, equally spaced and parallel to the axis. If the ends of C are identi ed with a twist of 2 p q where p is an integer relatively prime to q, we obtain a single curve K p:q on the surface of a solid torus T. If we assume that T lies in R 3 in the standard way, the curve K p:q is called the (p; q) torus knot.
The fundamental group of the complement R 3 ? K p;q is called the (p:q)-torus knot group G p;q which has a presentation G p;q = 1 (R 3 ? K p;q ) ' ha; b j a p = b q i An important special case is (p; q) = (2; 3) in which case we obtain the three string braid group, G 2;3 ' B 3 .
Recall that the center of G p;q is generated by a p and that the quotient group is the free product of cyclic groups of order p and q G p;q = G p;q h a p i ' Z p Z q As the center acts by scalar multiplication on any irreducible representation, the representation theory of G p;q essentially reduces to that of Z p Z q . Observe that in the special case (p; q) = (2; 3) considered above, the quotient group is the modular group PSL 2 (Z) ' Z 2 Z 3 .
Let V be an n-dimensional representation of Z p Z q , then the restriction of V to the cyclic subgroups Z p and Z q decomposes into eigenspaces This means that we can associate to an n-dimensional representation V of Z p Z q a representation of the full bipartite quiver on p + q vertices (where is the map described before) which are a ne open subsets of the projective moduli spaces of -semistable representations of Q. In the next section we will determine the dimension vectors corresponding to irreducible representations.
As an example, consider the in nite dihedral group D 1 = Z 2 Z 2 , then the corresponding quiver is Q =Ã 4 with orientation When n = 1, we have that V = V 11 is obviously a -stable representation. When n = 2, we notice that is the dimension vector of a simple representation if and only if jsupp( ) = (1; 1; 1; 1) because supp( ) = e A 2 Now, consider n 3 and consider the dimension vector = (m 11 ; : : :; m pq ). We have to verify that is the dimension vector of a simple representation of ? which, by symmetry of ? , amounts to checking that ? ( ; kl ) = ? ( kl ; ) 0
